The accurate and reliable description of measurement devices is a central problem in both observing uniquely non-classical behaviors and realizing quantum technologies from powerful computing to precision metrology. To date quantum tomography is the prevalent tool to characterize quantum detectors. However, such a characterization relies on accurately characterized probe states, rendering reliability of the characterization lost in circular argument. Here we report a self-characterization method of quantum measurements based on reconstructing the response range of the measurement outcomes, eliminating the reliance on known states. We characterize two representative measurements implemented with photonic setups and obtain fidelities above 99.99% with the conventional tomographic reconstructions. This initiates range-based techniques in characterizing quantum systems and foreshadows novel device-independent protocols of quantum information applications.
The accurate and reliable description of measurement devices is a central problem in both observing uniquely non-classical behaviors and realizing quantum technologies from powerful computing to precision metrology. To date quantum tomography is the prevalent tool to characterize quantum detectors. However, such a characterization relies on accurately characterized probe states, rendering reliability of the characterization lost in circular argument. Here we report a self-characterization method of quantum measurements based on reconstructing the response range of the measurement outcomes, eliminating the reliance on known states. We characterize two representative measurements implemented with photonic setups and obtain fidelities above 99.99% with the conventional tomographic reconstructions. This initiates range-based techniques in characterizing quantum systems and foreshadows novel device-independent protocols of quantum information applications.
The information of any quantum system we can acquire, manipulate and transmit is finally revealed by quantum measurements. As the measuring devices become increasingly sophisticated, the implementations of both tests of quantum theories and quantum information applications [1] [2] [3] [4] require experimental calibration and certification of measurement apparatus, which is normally achieved by recording the measurement outcomes on probe states. In principle of quantum mechanics, the operation of a quantum measurement on quantum states complies with Born's rule p (j) k = Tr(ρ (j) π k ), k = 0, 1, ..., n − 1. Here {ρ (j) } represent quantum states described by density matrices and {π k } is the positiveoperator-valued measure (POVM) of a quantum measurement with n outcomes. This formula describes the measurement as a mapping from the state space of quantum systems {ρ|ρ ≥ 0, Tr(ρ) = 1} to the classically accessible detector outcomes represented in the probability space {(p 0 , p 1 , ..., p n−1 )}, thus enabling us to predict the measurement results and also perform the inverse, i.e. to identify the measurement operators in accordance with observed results. To do this, one could probe the measurement device by identical copies of a set of known states, and then find the POVM {π k } closest to the observed results, for example, by optimizing the least square function
under the physical constraint π k ≥ 0 and π k = I, where I denotes the identity operator. This method, known as quantum detector tomography (QDT), has been suggested as the standard tool of characterizing quantum measurements [5] [6] [7] [8] .
Despite the success of QDT, an unavoidable issue arises in real-world applications, that is, the accuracy of the tomography results relies on precisely calibrated probe states (see Fig. 1(a) ). On the other hand, to calibrate the source for probe states one requires a convincing measurement device, which forms a fundamental loop paradox. In certain cases, quantum states and measurements can be "self-tested" in a device-independent (DI) way [9] [10] [11] [12] , i.e. without assuming the internal workings of the apparatus used. These self-testing methods originated from ensuring secure cryptography [9] and were then utilized to bound dimensionality [13, 14] , generate random numbers [15] [16] [17] and verify quantum computers [18] . In this line, DI tests are typically based on a witness involving linear combinations of observed probabilities so only a specific class of states and measurements can be selftested within this regime. More recently, there was another idea of DI tests of quantum devices concerning the full attainable range of the input-output correlations [19] [20] [21] . This provides the possibility of directly inferring the information of the measurement from the range [22] rather than certifying a targeted witness whose bound is achievable by a specific combination of states and measurements.
In this work, we propose and realize quantum detector self-characterization (QDSC), capable of characterizing general unknown quantum measurements, based fully on the detector outcomes of the measurement de- [23] . In contrast with QDT, this procedure (conceptually shown in Fig. 1(b) ) reconstructs the measurement directly from the statistics of measurement outcomes {p (j) }, without knowing which states are measured. With practical data in finite statistics, the problem is recast into an optimization problem which aims at giving a best estimation of the range W(π) consistent with the data, that is,
subject to π k ≥ 0 and
where F[W(π), {p (j) }] is a cost function evaluating how well data fit the estimation. From the estimated range W(π) one can recover the information about the POVM, without involving the density matrices of states. This self-characterization method is distinguished from conventional QDT (as shown in Eq. (1)) which explicitly involves probe states.
To apply this QDSC method to the characterization of practical devices, we implemented two representative measurements for tomography purpose, mutually unbi- ased bases (MUB) and symmetric informationally complete (SIC) measurements for single-qubit system [24] , with photonic setups shown in Fig. 2 . These two measurements are of particular interests in quantum information applications [25, 26] . The experimental set-up consists of two parts: state preparation (a) and measurement (b) or (c). The state preparation starts with a heralded single photon source via spontaneous parametric downconversion. A polarizing beam-splitter and three electronically controlled waveplates prepare probe states {ρ (j) } encoded in the polarization degree of freedom of single photons. The states are sent to a measurement apparatus with operations on the polarization modes and spatial modes on the single photons and detection with photon-counting detectors . The clicks of each detector correspond to an outcome π k of the measurement. For both measurements, we collected the measured statistics of detectors for 50 probe states sampled on the Bloch sphere (see Supplemental Material for details [24] ). Note although QDSC does not need to know the exact form of probe states, we recorded the settings of state preparation for the following tomographic reconstruction.
For qubit measurements used in our experiment, it has been shown [19] that the response range W(π) is a set {p} satisfying
and p is subject to (I − QQ + )(p − t) = 0 which is equivalent to the requirement of linear dependencies among outcomes of the POVM (see Supplemental Material [24] for a derivation of Eq. (3)). The matrix Q and the vector t are given by + denotes the Moore-Penrose pseudoinverse. More precisely, the matrix Q quantifies the overlap of POVM elements and the vector t represents the weight of POVM elements, thus Q and t identify the POVM {π k } up to the equivalence class of unitary operations and relabelling of outcomes. The physical constraint π k ≥ 0 can be written as t 2 k − Q k,k ≥ 0 in the Q, t representation. Geometrically, the inequality is in a center form of an n-dimensional (hyper-)ellipsoid centered on t. Upon considering the linear dependencies of the POVM elements, Eq. (3) may reduce to an ellipsoid, an ellipse or a segment depending on the number of linear independent operators in {π k }.
The characterization in our experiment is based on several assumptions: (i) the dimension of the system (qubit system in our case); (ii) the probe states are adequately sampled to cover the boundary of the state space. In this sense our method is semi-device-independent. In addition, we assume fair sampling, i.e., the registered statistics is a representative sample of the generated states and the state preparation and measurement device are uncorrelated. These requirements are reasonable for an optical experiment and not more than a standard tomography scenario. The characterization procedure firstly performs a convex hull of the data to obtain the boundary data set B. Then we extract features in the boundary data via singular value decomposition and principle component analysis. This step removes the redundant linear dependent outcomes and is robust against experimental noise (see Supplemental Material for details [24] ). We resort to the direct least squares between the boundary of the estimated range and the boundary data [ 
2 as the cost function. As a result, the characterization is conducted with only the measured statistics by solving the constrained optimization problem Figure 3 shows the experimental results of QDSC of the two measurements. To show the performance of self-characterization, we also give the results reconstructed with conventional QDT (with the same probe states) for comparison. In the QDT scenario, we use the measured statistics {p (j) }, combined with the density matrices {ρ (j) } derived by the settings of waveplates, to numerically solve the convex optimization problem in equation (1) The response range and the measured data are illustrated in a three-dimensional probability space of its linear independent outcomes, despite the linear dependent ones (due to the fact that p k + p k+1 = 1/3 for k = 0, 2, 4 for the MUB device and k p k = 1 for the SIC device). The comparison of QDT and QDSC in terms of the distribution of L is shown in Fig. 4 . The distribution reflects how well the range of the reconstruction fits the observed data, therefore give a DI verification of the reconstructions. It can be seen from the results that the QDSC shows less violations of Eq. (3) in average compared with QDT. In contrast with QDT which suffers from the errors in state preparation, the QDSC method is solely based on the measured statistics that is completely accessible at the detection side, thus is more robust to experimental imperfections in state preparation. The deviations from the bound in the results of QDSC are mainly attributed to the statistical fluctuations on the measurement results.
In conclusion, we realize quantum detector selfcharacterization, that solely utilizes the events produced in the measurement part to explore the geometrical structure of the detector response. We have applied the selfcharacterization method to two typical, extensively used measurements, highlighting its feasibility and robustness in practical cases. The present self-characterization method extends witness-based methods to a range-based method in characterizing quantum systems and devices. Together with a modelling on the response range of measurement operators, this method can be further generalized to more complicated devices. Future works will investigate the range for high-dimensional systems and entangled states. We expect the range-based techniques will become a new means for specifying quantum systems and mapping detector response [27] , and find their applications in a wide range of quantum information tasks such as cryptography, random number generation [17] and metrology, especially where calibrating measuring apparatus is required in advance.
The 
For single qubit case (d = 2), the three bases of MUB measurement can be represented as {|0 , |1 }, {(|0
, where |0 , |1 denote the horizontal and vertical polarization of the single photon respectively in the experiment. Correspondingly, the measurement operators of the SIC measurement can be written as For the measurement part, the transformations of the three bases of MUB are realized by a quater wave plate and a half wave plate, followed by a calcite beam-displacer (BD) and two single photon counting modules (Excelitas Technologies, SPCM-AQRH-FC). The SIC measurement is implemented by a photonic quantum walk network with BDs, wave plates and SPCMs [29] [30] [31] . The statistics of measurement outcomes were registered by a coincidence logic with a time window of 4.5ns. For each probe state, we collected data in about 1.4s and run the experiment 40 times to calculate the expectation value and standard uncertainty.
Probe states.-The 50 probe states used in the experiment are prepared by three electronically-controlled waveplates (quarter-half-quarter) following a polarizing beam splitter. The settings of the waveplates are configured to generate sample states {ρ (j) } of the form
In the experiment the actual prepared states may differ from the ideal states due to several forms of experimental imperfections. These systematic errors mainly stem from the misalignments of the optics axis for waveplates (typically ∼ 0.1 degree), the retardation errors of waveplates (typically ∼ λ/300 where λ = 830nm) and the inaccuracies of the rotation stages for waveplates (typically ∼ 0.025 degree). These factors may affect the tomographic results but not the results of the self-characterization method since the self-characterization does not rely on the exact form of probe states.
DERIVATION OF EQUATION (3)
Given a quantum measurement represented by a n-outcome POVM {π k }, the constraints on the probability distribution for an arbitrary quantum state stem from both the mapping {π k } and the constraint on the state space {ρ|ρ ≥ 0, Tr(ρ) = 1}. The allowed range of p is the set of expectation values of a set of Hermitian operators mapped from the state space, which is termed as joint algebraic numerical range (JANR) of operators [32] . It has been shown that JANR is a convex and compact set and the JNRs of 2 × 2 Hermitian observables are ellipses or (hyper)ellipsoids [23] . For the single qubit case, a density operator ρ and the elements π k of a POVM can be written in the Bloch representation as
respectively, where σ = (σ x , σ y , σ z ) is the tensor of Pauli operators and r = (r x , r y , r z ) is the Bloch vector of ρ. The operators π k can also be represented in a similar way by t k and m k = (m k,x , m k,y , m k,z ). Here a physical state should satisfy the positivity constraint |r| 2 ≤ 1. On the other hand, the requirement of a POVM π k = I implies that m k,x + m k,y + m k,z = 0 and k t k = 1, while the positivity constraint π k ≥ 0 implies t k > |m k |. Given such a representation of ρ and {π k }, according to Born's rule we have
Equation (7) can be written in a matrix form
or denoted as (p − t) = M · r, where M is an n × 3 matrix. In this form, the positivity constraint |r| 2 ≤ 1 of ρ can be recast into a constraint on p since |r|
which is in a centre form of an n dimensional hyper-ellipsoid. This indicates that p should lie in the hyper-ellipsoid determined by the matrix Q + centered at t. Q and t can be given by the POVM as
Since four linear independent 2×2 matrices form a complete basis, and a POVM requires the normalization constraint k t k = 1, the number of linear independent elements of a qubit POVM can not be larger than 3. Therefore the set W(π) := {(Tr(ρπ 0 ), Tr(ρπ 1 )... Tr(ρπ n−1 ))|ρ ≥ 0, Tr(ρ) = 1} should be an ellipsoid lying on a 3-dimensional affine plane. The equality sign in Eq. (3) holds only when |r| 2 = Tr(ρ 2 ) = 1, which states that extreme points of JNRs are obtained by pure states. As {Oπ k } gives the equivalent Q and t by the fact that orthogonal transformation O satisfying O T O = 1 1 and is trace-preserving, therefore Q and t are up to unitary operations of the reference frame and relabelling of outcomes.
CHARACTERIZATION PROCEDURE
For an n-outcome qubit POVM probed with m states, we obtain a data set of the measured statistics {p (j) } which can be described by an n × m matrix. The QDSC procedure consists of three steps:
(i) Get the boundary data set lying on the boundary of the convex hull for {p (j) −p}, described by a matrix A n×m , wherep is the probability distribution averaged over the m states.
(ii) Extract features in the data. Perform singular value decomposition on the matrix A = U · Σ · V T , which is in general of the form
However, due to the linear dependencies in the measurement operators, the response range should lie in an affine plane up to 3 dimensional (3 dimensional for informationally complete measurements, see the last section for an example 
The reduced dataÃ can be obtained bỹ
This is virtually a principle component analysis of the data set robust to experimental noise and we use the reduced dataÃ to conduct the ellipsoid fitting.
(iii) Reconstruct an ellipsoid in the spacep = U · (p −p) via a direct ellipsoid fitting fed withÃ under the physical constraint. This is equivalent to solving the optimization problem in Eq. (4) sincep and p are related via only a linear map U . Finally, map the estimated results to the whole response range W(π) and output the corresponding Q and t.
DETAILED RESULTS
The detailed experimental results of both QDSC and QDT for our two measurement devices are for the SIC device. The corresponding infidelities for the results of QDT and QDSC are shown in Table I . Here the definition of fidelity for Q and t is given by
and
. Furthermore, we can give a reconstructed POVM by choosing a specific reference frame. This result can correspond to an assistant procedure to calibrate the reference frame and labelling in the experiment. For example, for the SIC device in our experiment we can adopt the basis that diagonalize the first operator π 0 as the reference frame, and restrict the second element π 1 to a real operator, then we get the following representation To further investigate the performance of the self-characterization method, we conduct the characterization with reduced probe states randomly chosen from the overall 50 state preparations. We randomly generate m states from the 50 probe states to perform the characterization and repeat the procedure 100 times to obtain the average fidelities. And we change the number of states m from 9 to 45 to show the performance of the method. Figure 5 shows the results for the MUB device and SIC device. It can be concluded that the average infidelities decrease with the increasing number of states and rapidly converge to the level of the results with 50 states.
INCOMPLETE MEASUREMENTS
The MUB and SIC measurements used in the main text are both informationally-complete measurements, that is, every state can be completely determined by the statistics of the measurement. Yet in a more general scenario, there are also incomplete measurements by which it is insufficient to completely infer the state. The self-characterization of incomplete measurements is the same as that for the complete ones, as long as the probe states can sufficiently recover the range of the measurement. In the following we show the self-characterization of an incomplete measurement, real MUB measurement for qubit system, which contains only 2 bases constrained in real projectors. The results are shown in Fig. 6 . The self-characterization method still work well for this incomplete measurement. The difference is that for this incomplete measurement, the linear independent dimension is reduced to 2, shown as an ellipse instead of an ellipsoid in the probability space. The estimated response range (blue region) and the measured data, illustrated in the probability space.
